Ϫ F͑͒ for 0Ͻр1 as r→0 (Williams-type singularity) 
Introduction
Obtaining accurate numerical solutions to many elasticity problems requires knowledge of the singular behavior of stress components in the neighborhood of singular points in the domain of the problem under consideration. For example, analyzing crack ͑or V-notch͒ problems using finite element approaches usually involves shape functions to describe correctly the singular behavior of stresses at the crack tip ͓͑1,2͔͒. The admissible functions of the Ritz method include the corner functions that precisely describe the moment singularities at the notches or corners in vibration problems of thin plates with V-notches or with re-entrant corners, to accelerate convergence and increase the accuracy of the solution ͓͑3,4͔͒.
Many papers have addressed the stress singularities at sharp corners based on plane elasticity theory ͑i.e., ͓5-8͔͒ and threedimensional elasticity theory ͓͑9,10͔͒. However, the stress singularities for different plate theories have received lesser attention. Williams ͓11͔ first investigated the stress singularities due to boundary conditions in the angular corner of isotropic thin plates under bending. Williams and Owens ͓12͔ and Williams and Chapkis ͓13͔ extended this work to thin plates with varying flexural rigidity and with polarly orthotropic material properties, respectively. Rao ͓14͔ considered the singularities at the interface corners for bi-material thin plates, and Ojikutu, Low, and Scott ͓15͔ investigated stress singularities at the apex of a laminated composite thin plate with simply supported radial edges. Huang et al. ͓16͔ discussed the singularities of moments and shear forces at the apex of a sector plate with simply supported radial edges in an exact solution for vibrations of such a plate. Sinclair ͓17͔ considered logarithmic stress singularities in thin plate theory.
Based on the first-order shear deformation plate theory, Burton and Sinclair ͓18͔ investigated the stress singularities at corners due to six sets of homogeneous boundary conditions by introducing a stress potential. Huang et al. ͓19͔ examined the singularities of moments and shear forces at the vertex of a Mindlin sector plate with simply supported radial edges, by establishing an exact solution in terms of Bessel functions for the vibrations of such a plate. Recently, Huang ͓20͔ comprehensively investigated the stress singularities of moments and shear forces at corners caused by ten sets of homogeneous boundary conditions by adopting Xie and Chaudhuri's technique ͓͑10͔͒ to directly solve the equilibrium equations in terms of displacement components. Comparing the results with the exact solution given by Huang et al. ͓19͔ reveals that the singularity orders for moments and shear forces in Huang's results ͓͑20͔͒ are consistent with those in the exact solution for a simply supported corner, while the solution proposed by Burton and Sinclair ͓18͔ is consistent only for moment singularities but not for shear force singularities. Comparing published work based on classical plate theory and on first-order shear deformation plate theory reveals that different singularity orders for moments and shear forces are suggested by different plate theories. Consequently, this study aims primarily to investigate for the first time, what results are suggested by the third-order shear deformation thick plate theory. This study applies Reddy's refined plate theory ͓͑21͔͒. The theory is equivalent to other third-order shear deformation plate theories proposed by Schmidt ͓22͔ and Krishna Murty ͓23͔. This work considers only the Williams-type stress singularities at a corner caused by various boundary conditions but does not consider logarithmic stress singularities as the former singularities are more often encountered than the latter. The eigenfunction expansion methodology proposed by Hartranft and Sih ͓9͔ for three-dimensional elasticity problems is adopted to determine the asymptotic displacement field around the corner by solving the equilibrium equations in terms of displacement components in Reddy's refined plate theory. The characteristic equations for determining the singularity orders of stress resultants are established for ten sets of boundary conditions around a corner. Finally, the singular behavior of stress resultants obtained in this investigation is compared with those determined from the classic plate theory, first-order shear deformation plate theory, and three-dimensional elasticity theory.
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Basic Formulation
For a sector plate with cylindrical coordinates shown in Fig. 1 , the displacement field for the third-order plate theory proposed by Reddy ͓21͔ is given as
where the subscript '', j'' refers to a partial differential with respect to independent variable j; u, v, and w denote the displacements of a point ͑r, , z͒ along the r, , and z directions, while r and are the rotations of the midplane normal in the radial and circumferential directions, respectively. This displacement field leads to zero shear stresses, zr and z , on the plate top and bottom surfaces. By using the variational method, one can develop the equilibrium equations and consistent boundary conditions. The equilibrium equations without external loading in terms of the stress resultants are 
The circumferential boundary conditions ͑at rϭR͒ should prescribe or M r , r or M r , w or Q r ϩC 1 ͩ P r r ϩ P r,r ϩ 2 r P r, Ϫ P r ͪ , and w ,r or P r .
The details of derivation for the equilibrium equations and boundary conditions in Cartesian coordinates can be found in Reddy's book ͓24͔. The stress resultants in above equations are related to stress components by
For an isotropic and elastic plate, the relationships between the stress resultants and displacement components are established by using strain-displacement and stress-strain relationships. They are 
where E is Young's modulus; G is the shear modulus, and is Poisson's ratio. Substituting Eq. ͑10͒ into Eqs. ͑4͒-͑6͒ with careful arrangement yields the equilibrium equations in terms of the displacement components: 
1ϩ 2
Construction of Series Solution
The eigenfunction expansion approach proposed by Hartranft and Sih ͓9͔ for three-dimensional elasticity problems is adopted herein to find the solution of Eqs. ͑11͒-͑13͒. The displacement components can be expressed in terms of the following series:
where the characteristic values m are assumed to be constants and can be complex numbers. Notably, odd n in Eqs. ͑14͒ will not produce any additional solution such that they are not considered in Eqs. ͑14͒. The real part of m must exceed zero to satisfy the regularity conditions at the vertex of the sector plate. The regularity conditions require that , r , w, and w ,r are finite as r approaches zero. As a result, the solution form given in Eqs. ͑14͒ with the real part of m less than one leads to singularities of M r , M , M r , P r , P , and P r , which is observed from the relationships between stress resultants and displacement components given in Eq. ͑10͒. However, no singularity for shear forces ͑Q r and Q ͒, R r and R will be produced from the solution.
Substituting Eqs. ͑14͒ into Eqs. ͑11͒-͑13͒ yields
Satisfying Eqs. ͑15͒-͑17͒ leads to the coefficients of r with different orders equal to zero. Subsequently, a set of recurrent relationships among W n (m) , ⌿ n (m) , ⌽ n (m) and their previous values can be attained and expressed as
Õ Vol. 69, NOVEMBER 2002
Transactions of the ASME Furthermore, one can establish the following equations from the coefficients of the lowest order of r in Eqs. ͑15͒-͑17͒:
It is easy to find that the general solution for the set of ordinary differential equations given by Eqs. ͑21͒-͑23͒ is
where
and A i and B i (iϭ1,2,3,4) are coefficients to be determined from boundary conditions. To establish the complete series solution for equilibrium equations ͑i.e., Eqs. ͑11͒-͑13͒͒, one has to determine m and the relations among A i and B i in Eqs. ͑24͒ from the boundary conditions along radial edges. Then, one finds the solutions for
and W n (m) with nϾ1 from Eqs. ͑18͒-͑20͒ and boundary conditions. Notably, one may construct the series solution by starting with assuming the following solution form:
where l i (iϭ1,2,3) can be arbitrary integers, but at least one of them is zero. Following the above procedure, one will find the solution form given by Eqs. ͑14͒ is the only one that may yield Williams-type stress singularities. Furthermore, there are possible solutions involving logarithmic function of r leading to logarithmic singularities for stress resultants at the vertex of a sector plate, which are out of the scope of this work and will not be investigated here. The readers who are interested in the logarithmic singularities may refer to Dempsey and Sinclair ͓7͔ and Sinclair ͓17͔.
Characteristic Equations and Corner Functions
To determine Williams-type stress singularities at the vertex of a sector plate caused by homogeneous boundary conditions, one only needs the asymptotic solution with the lowest order of r in the series solution of Eqs. ͑14͒. Consequently, only the solution with nϭ0 in Eqs. ͑14͒ needs to be considered. Let
Furthermore, as well known, the stress singularities are affected by the boundary conditions along radial edges only.
In the following, we will consider four types of homogeneous boundary conditions along a radial edge, say ϭ␣, namely,
type I simply supported: wϭ r ϭM ϭ P ϭ0, (27c) type II simply supported:
For simplicity, C and F are used to present the clamped and free boundary conditions, respectively, while S͑I͒ and S͑II͒ denote type I and type II simply supported boundary conditions. For the sake of demonstration, we will describe the procedure for obtaining the characteristic equation for m , and the corresponding asymptotic displacement field for describing the singular behavior of stress resultants in the vicinity of a corner. Consider a sector plate with vertex angle equal to ␣ and having clamped and free boundary conditions along two radial edges, respectively. For the free radial edge at ϭ␣, substituting Eq. ͑26͒ into Eq. ͑27b͒ and using the relations given in Eq. ͑10͒ leads to the following equations for the lowest order of r: 
where lengthy expression for a i j is given in the Appendix. Similarly, one also obtains four equations for A i and B i from the clamped edge at ϭ0: 
Then, one can find the relations among A i and B i from Eqs. ͑29͒ and ͑28a͒-͑28c͒. Consequently, 0 (m) , r0 (m) , and w 0 (m) in Eq. ͑26͒ are expressed as are the smallest order of r in the series solution given in Eqs. ͑14͒ for different m , they characterize the asymptotic behavior of the series solution in the vicinity of the vertex. Furthermore, they are the displacement field describing the singular behavior of stress resultants at the vertex when the positive real part of m is less than one. The asymptotic displacement field will be called as corner functions below. By following the procedure given above, one can develop the characteristic equations for m and the corresponding corner functions for different boundary conditions along radial edges. Tables  1 and 2 , respectively, summarize the characteristic equations for m and the corresponding corner functions for ten different combinations of boundary conditions. To take advantage of the problem's symmetry, the corner functions for the identical boundary conditions along two radial edges were determined by considering the range, Ϫ␣/2рр␣/2, which is also indicated in Table 1 .
Notably, using trigonometric identities, the characteristic equations for S͑I͒ -S͑I͒ in Table 2 are found equivalent to
and sin͑ m Ϫ1 ͒␣/2ϭ0 or sin͑ m ϩ1 ͒␣/2ϭ0,
for symmetric and antisymmetric cases, respectively. Consequently, the corner functions corresponding to the roots of m for different equations are separately listed in Table 1 . Similar situation also happens to the cases with S͑II͒ -S͑II͒ and S͑I͒ -S͑II͒ boundary conditions.
Singularity of Stress Resultants
The relations between displacements and stress resultants given in Eq. ͑10͒ indicate that the smallest orders of r for moments (M r ,M ,M r ) and P r , P , and P r are the same, and they are less than those for rotation components ͑ r and ͒ and w by one and two, respectively. Consequently, the root m of the characteristic equations with a positive real part below one leads to singular behavior of moments and P r , P , and P r , described by r m Ϫ1
as r approaches zero. Moreover, the singular behavior of stress components, rr , , and r , can also be found according to the relationship between stresses and displacement components in elasticity. Notably, the characteristic equations listed in Table 2 reveal that the thickness of the plate is unrelated to these characteristic equations, and Poisson's ratio is the single material property that can affect the singularity order of stress resultants.
As stated earlier, the real part of m (Re( m )) must exceed zero to meet the regularity conditions for the displacement components, as r approaches zero. Figure 2 displays the minimum positive values of Re( m ) versus the vertex angle ͑␣͒ for various boundary conditions. These minimum values of Re( m ) were determined by solving the characteristic equations in Table 2 with equal to 0.3. Notably, some different boundary conditions around a corner produce the same minimum Re( m ) within certain ranges of vertex angles. Boundary conditions S͑I͒ -S͑I͒, S͑I͒ -S͑II͒, and S͑II͒ -S͑II͒ give the same minimum Re( m ), while boundary conditions S͑I͒ -F and S͑II͒ -F yield the same minimum Re( m ) except for 180degϽ␣Ͻ270deg. Boundary conditions C -C and F -F have the same minimum Re( m ) when ␣ exceeds 180 deg. Boundary conditions C -F and C -S͑II͒ show the same minimum Re( m ) for ␣ below about 128 deg. When ␣ is between 180 deg and 270 deg, boundary condition S͑I͒ -C yield a minimum Re( m ) equal to that for S͑I͒ -F and C -S͑II͒. Figure 2 indicates that no singularities of moments and P r , P , and P r occur if ␣ is less than 60 deg, regardless of the boundary conditions around the corner. However, such singularities are always present if ␣ exceeds 180 deg. A corner with S͑I͒ -S͑I͒, S͑I͒ -S͑II͒, S͑II͒ -S͑II͒, S͑I͒ -F, S͑II͒ -F, or S͑I͒ -C boundary conditions exhibit a singularity when ␣ exceeds 90 deg. Boundary conditions C -F and C -S͑II͒ cause the strongest singularity of the stress resultants at the vertex for ␣ between 60 deg and approximately 105 deg; S͑I͒ -S͑I͒, S͑I͒ -S͑II͒, and S͑II͒ -S͑II͒ boundary conditions result in the strongest singularity for other vertex angles. C -C and F -F boundary conditions cause a singularity in stress resultants for ␣ exceeding 180 deg. This singularity is weaker than that due to other boundary conditions.
Figure 2 also indicates that singularities generally become more severe as the vertex angle increases, except in those cases with S͑I͒ -S͑I͒, S͑I͒ -S͑II͒, S͑II͒ -S͑II͒, C -F, or C -S͑II͒ boundary conditions. For the C -F and C -S͑II͒ cases, the minimum positive Re( m ) increases with ␣ for ␣ between 122 deg and 130 deg in which region the roots of the characteristic equations change from real to complex numbers. The minimum positive Re( m ) for S͑I͒ -S͑I͒, and S͑II͒ -S͑II͒ was determined from different characteristic equations for different ranges of ␣. That is, from Eqs. ͑32͒, when ␣р, the minimum positive Re( m ) is determined from cos( m ϩ1)␣/2ϭ0, while for Ͻ␣р3/2 and for 3/2р␣ Ͻ2, the minimum positive Re( m ) is determined from cos( m Ϫ1)␣/2ϭ0 and sin( m ϩ1)␣/2ϭ0, respectively. As ␣ approaches 2, the singularity order for moments and P r , P , and P r due to S͑I͒ -S͑I͒, S͑I͒ -S͑II͒, and S͑II͒ -S͑II͒ boundary conditions approaches r Ϫ1 , while F -F and C -C boundary conditions lead to an order of r Ϫ1/2 . Other boundary conditions yield an order of r Ϫ3/4 . Most of the characteristic equations listed in Table 2 can also be found in either classic plate theory ͑CPT͒ or first-order shear deformation plate theory ͑FSDPT͒. Williams ͓11͔ obtained those characteristic equations marked with a superscript, ''#,'' in Table  2 , from the classic plate theory. Burton and Sinclair ͓18͔ and Huang ͓20͔ found those characteristic equations marked with superscript ''*'' in Table 2 , based on FSDPT using different solution approaches. The characteristic equations pertaining to the S͑II͒ boundary condition given in Table 2 cannot find the corresponding ones in classic plate theory because no S͑II͒ boundary condition
Õ Vol. 69, NOVEMBER 2002
Transactions of the ASME Fig. 3 exhibits the distributions of M r and M along ϭ0deg for the symmetric case of a wedge with free radial edges, while Fig. 4 plots the distributions at ϭ150deg for a wedge with C -F bound- 
When m sin ␣ϩsin m ␣ϭ0, the corner functions are the same as those for F-F. ͑2͒ Antisymmetric case: When m sin ␣Ϫsin m ␣ϭ0, the corner functions are the same as those for F-F.
The corner functions are the same as those for C -F.
S͑I͒-S͑II͒ (0рр␣)
When sin 2␣ m ϭ m sin 2␣, the corresponding corner functions are the same as those for S͑I͒ -F.
Transactions of the ASME ary condition around the vertex. In both cases, ␣ϭ300deg and ϭ0.3. The value of m is real in the case of the F -F boundary condition, and m is complex for the C -F condition. The stress resultants were computed by substituting the corresponding corner functions given in Table 1 into Eq. ͑10͒ and setting the undetermined coefficients ͑such as B 3 in Table 1͒ in the corner functions equal to unity. Notably, when m is a complex number, the corresponding stress resultants are also complex functions. Figure 4 only presents the distributions for the imaginary parts of the stress resultants. In Fig. 4 , the superscripts ''ϩ'' and ''Ϫ'' in the legend of the vertical axis are the signs for the stress resultants. Positive stress resultants were plotted as Log͉M ϩ /D͉ versus Logr and negative stress resultants were plotted as Log͉M Ϫ /D͉ versus Logr, where D is the flexural rigidity. Figure 3 shows that the magnitudes of the stress resultants from the present solution monotonically approach infinity as r approaches zero, because m is a positive real number and smaller than unity. Figure 3 also displays the stress resultant distributions obtained by CPT and by FSDPT. The stress resultant distributions for FSDPT were computed using the corner functions given in ͓20͔, and the distributions for CPT were obtained from the corner functions given in ͓25͔ and ͓26͔. The coefficients to be determined in the corner functions for CPT and FSDPT were obtained by requiring that the values of M r at rϭ10
Ϫ5 for CPT and FSDPT should be identical to that from the present solution. The value of r was arbitrarily chosen. Consequently, the distribution of M r for FSDPT coincides with that for the theory used here because both theories have the same m in this case. However, the distributions of M for these two theories are not coincident ͑Fig. 3͒. In fact, the distributions of stress resultants along various values of , determined by these two theories, are generally not coincident, which fact is not depicted here. Therefore, although the theory used here and FSDPT have the same m for the case shown in Fig.  3 , the stress resultants approach infinity at different rates for each theory as r approaches zero. This may be due to the fact that M r is required to equal zero along a free edge in FSDPT, whereas M r for the theory used here still approaches infinity as r approaches zero, even along a free edge. The stress resultants for CPT approach infinity more slowly than those for FSDPT and the theory used here as r approaches zero, since the value of m for CPT exceeds those for the other two theories. Figure 4 reveals that the stress resultants from the present solution oscillate toward infinitely as r goes to zero because m is complex. Figure 4 also plots the distributions of stress resultants for CPT and FSDPT. The corner function for FSDPT given in ͓20͔ and the corner function for CPT given in ͓4͔ and ͓26͔ were used to determine these distributions. The undetermined coefficients in these corner functions were obtained in the same way as for Fig.  3 . Notably, m for CPT equals that for the theory used here in the case of Fig. 4 . Figure 4 indicates that the distributions of stress resultants from the present solution coincide with those for CPT. Stress resultant functions of M r , M , and M r from the present solution can be shown to be exactly the same as those for CPT in this case. The value of m for FSDPT is also a complex number but differs from those for CPT and the theory used here. Accordingly, the distributions of stress resultants for FSDPT significantly differ from those for CPT and the theory used here.
The present solution involves no singularities for shear forces or R ␤ , which is attributable to the regularity conditions at rϭ0 and the relations between stress resultants and displacement components. The regularity conditions require , r , w, and w ,r to remain finite as r approaches zero. The relations in Eq. ͑10͒ suggest that the shear forces and R ␤ either have the same order of r as or r , or one order lower than w. Consequently, shear forces and R ␤ cannot exhibit singular behavior as r approaches zero, regardless of the boundary conditions around the vertex. Notably, this finding markedly differs from that observed in CPT and FS-DPT. Since shear deformation is not considered in CPT, shear forces are determined from equilibrium equations such that the singularity of shear forces is always stronger than that for moments. Huang ͓20͔ found the characteristic equations for the singularity of shear forces in first-order shear deformation plate theory, according to which the singularity order of shear forces also depends on both the boundary conditions and the vertex angle.
Comparing the singular behavior in various plate theories with that in elasticity theory yields interesting results. Hartranft and Sih ͓9͔ developed the characteristic equations for a completely free wedge based on a three-dimensional elasticity approach. According to their results, the stress singularity order of r at the vertex of the wedge is m Ϫ1, where m is determined by
where mϭ0,1,2,3 . . . . The first two equations also appear in the present work for F -F boundary conditions ͑Table 2͒, while none of these equations are found in CPT ͓11͔. However, all three equations are also found in FSDPT ͓20͔. The third equation characterizes the singular behavior of shear forces in FSDPT. 
Concluding Remarks
This study has established the asymptotic displacement field to describe the singular behavior of stress resultants at the vertex of a sector thick plate based on Reddy's third-order thick plate theory. The solution was obtained using an eigenfunction expansion approach to solve the equilibrium equations in terms of displacement components. The characteristic equations for determining Williams-type singularities of stress resultants were also developed for ten sets of boundary conditions around the vertex. These characteristic equations do not involve the thickness of plate. Poisson's ratio is the single material property that could possibly influence the singular behavior of stress resultants. Notably, unlike the singularity of shear forces found in classic plate theory and first-order shear deformation plate theory, no such singularity is involved in Reddy's plate theory.
The characteristic equations for determining the singular behavior of M r , M , M r , P r , P , and P r in this work include the characteristic equations for classic plate theory and first-order shear deformation plate theory. For the same boundary conditions, different plate theories usually lead to different singularity orders for stress resultants, except for the case with S͑I͒ -S͑I͒ boundary conditions. For a plate with ϭ0.3, no singularity occurs when the vertex angle is less than 60 deg, while a singularity is always present when the vertex angle exceeds 180 deg. C -F boundary conditions result in the strongest singularity among the ten sets of boundary conditions considered in this study when the vertex angle is less than approximately 105 deg, while S͑I͒ -S͑I͒, S͑II͒ -S͑II͒, and S͑I͒ -S͑II͒ boundary conditions lead to the strongest singularity for other angles. F -F and C -C boundary conditions cause the weakest singularity.
The singularity orders for stress resultants and the corresponding corner functions given in this investigation are important for developing singularity elements in finite element approach for complex thick plate problems involving corner stress singularities. Furthermore, the corner functions for various corner boundary conditions provided herein are also very valuable for applying the Ritz method to solve thick plate problems with reentrant corners like the work by McGee et al. ͓4͔ and Leissa et 
